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Abstract

In this thesis, we construct two-parameter generalisations of Hecke-Appell type ex-
pansions for the generating functions of unimodal and special unimodal sequences.
We obtain their explicit representations in terms of mixed false theta series. We use
these representations to recover partial theta identities from Ramanujan’s lost note-

book and in work of Warnaar.
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Chapter 1
Introduction

A modular form is an analytic object with intrinsic symmetric properties. Over the past
two hundred years, the study of modular forms has enjoyed fruitful interdependen-
cies with many areas such as number theory, algebraic geometry, combinatorics and
mathematical physics. In particular, they were the key players in Maryna Viazovska'’s
spectacular result on the sphere packing problem [45] for which she was awarded the
2022 Fields Medal. She studied packings of lattice points by defining theta functions
associated to integer lattices in dimensions 8 and 24. Modular properties of combina-
torial generating functions often help determine asymptotics or congruences for the
associated coefficients. Modular forms also played an integral part in Andrew Wiles’
proof [48] of Fermat’s last theorem, relating them to elliptic curves. More concretely, a
modular form f of weight k € Z for SL(Z) is a holomorphic function on the complex
upper-half plane H := {x +iy : x,y € R,y > 0} satisfying

¢ (Transformation Condition):

V1T € H and (i Z) € SLy(Z), f(248) = (et 4+ d)*f(7), and

cT+d

¢ (Growth Condition): f is holomorphic at infinity.

This definition can be extended to include half-integer weights and congruence sub-
groups, and can be generalised in various ways. For further details, see [19]. Prototyp-
ical examples of modular forms are specialisations of the theta function

n

O(x;9) = (x:9)eo(7/% D)oo (7 D)oo = Y, (—1)"gDx" (1.0.1)

nez



where x € C* and q = ¢?™7, 7 € H, and the last equality is due to the Jacobi triple-
product identity. For instance,

2
O(—q%q) =Y. q% (1.02)
nes

is a modular form of weight % Here and throughout, we use the standard g-Pochhammer
symbol

n

(a)n = (a3 0)n = [ [(1—ag""),

k=1
valid for n € NU {oo}.
Roughly speaking, a g-series (or g-hypergeometric series) is any convergent power
series in g assembled from (a),. For example, one can find

(1.0.3)

in Ramanujan’s last letter to G. H. Hardy on the 12" of January, 1920. The theory of
g-series began with the famous partition theoretic theorem of Euler in 1750, was
systematically developed by Heine in 1847, and was further expanded by F. H. Jackson
and L. J. Rogers at the end of the 19th and the beginning of the 20th centuries. Three
classes of g-series which eluded classification as modular forms are mock theta functions,
partial theta series and false theta functions, all of which were studied by Ramanujan.

The work of Hardy and Ramanujan is one of the most famous collaborations in the
history of mathematics. Unfortunately, Ramanujan died at the age of 32, within a year
of moving back to India from England. Ramanujan sent only one letter to Hardy in
this time before he died. In this last letter he presented 17 functions which he claimed
behaved like modular forms but did not transform like them. He called them mock
theta functions. He presented them in four groups: one of order 3, two order 5, and
one of order 7, as well as equations relating functions within each group. These re-
lations became known as the mock theta conjectures. In 2002, Zwegers [51] made the
groundbreaking step in understanding how Ramanujan’s mock theta functions, e.g.,
(1.0.3) fit into the theory of modular forms. For example, one can show that [25]

flq) =2m(—q,4° q) +2m(—q,q°,4%).



Here, for x,z € C* and |g| < 1 such that neither z nor xz is an integer power of g, we
define the Appell-Lerch sum as

(-1)7q%
m(x,q,z) : rg g 1xz (1.0.4)
The key is to realise that there is a precise relationship between mock theta functions
and harmonic weak Maass forms [18]. These latter functions have a Fourier expansion
with coefficients that can be classified into a “non-holomorphic part” and a “holomor-
phic part”. Following Zagier [49], the “holomorphic part” is called a mock modular
form. In [51], Zwegers proves that appropriate specialisations of (1.0.4) are weight 3
mock modular forms. All of the classical examples of mock theta functions due to
Ramanujan, Watson and others fit into this picture as they are holomorphic parts of
harmonic weak Maass forms [18]. This realisation has many astonishing consequences
and further developments concerning mock modular forms would have striking im-
plications not only in mathematics, but also in, e.g., wall-crossing phenomena in the
theory of black holes [22], the dynamics of supersymmetric field theories [31], homo-
logical mirror symmetry [39] and conformal field theory [43]. For a superb overview
of the history, theory and applications of mock modular forms, see [23,49].

In 1923, the University of Madras sent Hardy a packet of Ramanujan’s notes and
papers which (according to Bruce Berndt [11]) most likely contained what is now called
“the lost notebook”. These notes were in possession of Watson when he died and were
nearly incinerated alongside the other “clutter” in his office, but were retrieved by
Rankin and sent to Trinity College Cambridge in 1968. They sat there for 7.5 years be-
fore Slater suggested to Andrews to sort through them while visiting. During his visit,
Andrews found this sheaf of 158 pages which featured the mock theta conjectures and
many other unproven identities. Andrews and Berndt compiled Ramanujan’s notes
and provided full proofs as part of the five volume series [5-9], the last of which was
published in 2018. Ramanujan’s work has inspired over a century of mathematics de-
spite gathering dust (and nearly being incinerated...) for more than 40 years.

Importantly, the lost notebook contained a number of identities involving partial
theta series, i.e., specialisations of sums of the form

oo

Z eg,ZqZ. (1.0.5)

n:



Note that the sum in (1.0.5) is over {n € Z : n > 0} whereas the sum in (1.0.1) is over
Z. As seen in [2,3], [6, Entry 6.3.2], [46, p. 379], [6, Entry 6.3.7] and [6, Entry 6.3.4], we
have the following four partial theta identities.

qn n(3n+1)

rg (=xq)n(—9/%)n =(1 +X);1;)X3nq T (1 — x> 1)

(n+1)

(1 +x)(q)e Z(_l)nxszrlan’ (1.0.6)

2n
q 2 n.3n—2 n(3n—1) "
= (1+x+ (1 . -
L Geanntaron ~ X><+x+< W) L) ()

n+1

4 (14 2%) B (-1)"2*g 2 )
= , 1.0.7
oo (1/)0 (1.07)

o 2n+1 X
Z (—q)20q _ (x+1) (_ Z(_x)nqn(n—H)

=0 (X397 n11(9/ %42 w1 >0

_|_

O(-q9*) 1)
+ TN (x)g (1.0.8)
O(xq; 4%) Eo( /"
and
q2n+1 3n+1 _3n2+2n 2n+1
Y. =) "y (1—xg*"*)

=0 (—x3:9%)ne1(—9/%58%) 1 5

(04 Y (1) gt (1,0.9)
O(—xq;9?) =)

For example, one can find the identity (1.0.6) on lines 7,8 and 9 of page 37 of the lost
notebook [40] (see Figure 1.1).
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Figure 1.1: Identity (1.0.6) on page 37 of Ramanujan’s lost notebook

False theta functions originate in the work of L. J. Rogers [42] and are similar to clas-
sical theta functions but are not modular forms as they contain “sign flips”. Through-

out this thesis, we say that a specialisation of a g-series of the form

Y sg(n)(~1)"q@)x"

nez

is a false theta series where
1 ifr>0
(1.0.10)

sg(r) =
& -1 ifr<0o.
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False theta series have also been extensively studied from the perspective of g-series
and combinatorics. In particular, they occur in g-series identities in Ramanujan’s lost
notebook. In [5, Chapter 9], one finds the following identities involving false theta

series
Y (1)) = Y sg(m)g? (10.11)
n>0 nez
and
Z q3(nJ2r1)—l’l 27’l+1 Z Sg n+1 1’1 (1012)
n>0 nes

Specialising (1.0.6) also yields examples of false theta functions, e.g., whena =1,

Y o =4 L sl 33 1 ss(n )P (1.0.13)
n>0 q)n nez q’ nez
and whena = —1, ,
y - L Y sg(n)g¥ . (1.0.14)
n>0 (‘]) °° nez

For completeness, we summarise the notation introduced so far by compiling ex-
amples of the key building blocks for each modular-like function.

Modular form: Mock modular form: False theta series: Partial theta series:
O(—4%q%) m(q,q%, —4%) Y sg(n)g¥ " O s
nez

n>0

The starting point in this thesis lies in the study of modular properties for combinato-
rial g-series, namely the generating function of strongly unimodal sequences.

1.1 Strongly Unimodal Sequences
A sequence of positive integers is strongly unimodal if
m<...<a,<c>by>...>bs (1.1.1)

withn = ¢+ 2]7-21 aj + 25:1 b;. Here, c is the peak and 7 is the weight of the sequence.
The rank of such a sequence is defined as s — r, i.e., the number of terms after ¢ minus
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the number of terms before c. For example, there are six strongly unimodal sequences
of weight 5, namely

(5), (1,4), (4,1), (1,3,1), (2,3), (3,2).

The ranks are 0, —1, 1, 0, —1 and 1, respectively. Let u(m,n) be the number of such
sequences of weight n and rank m. Note that

(—xq)a= Y. pljxq

0<i,j< 5t

is a (terminating) generating function with coefficients p(i, j) counting the number of
partitions of j with i distinct parts. We can construct a strongly unimodal sequence
of weight n, with peak c, by concatenating a (left) partition of size less than ¢ with
distinct parts, a (peak) part of size exactly c and a (right) partition of size less than c
with distinct parts, and count them accordingly (see Figure 1.2) to obtain the generating
function

U(x;q) = Y u(mn)x"q" =Y (—xq)c_1(—x"'q)c-14°
nzé c>1
me

= Y (—xq)n(—x"'q)ug" .

n>0

Figure 1.2: Construction of a strongly unimodal sequence.

Such sequences are not only abundant in algebra, combinatorics and geometry [13,14,
44], but have recent intriguing connections to knot theory and modular forms [20, 34].
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In 2015, Hikami and Lovejoy [26] introduced the generalised U-function

U™ (xq) =g Y (=xq)i1(—x"q), 14"
k> kg >0
kin21 . ‘ (1.1.2)
_ R .
Xquf kiv1 — ki —i+ 2542k + x(m > j))
i—1 kit1 — ki

where t, m € Zwith1 <m <t, x(X) := 1if X is true and x(X) := 0 otherwise and

n| _ (@«
kI (@@

is the standard g-binomial coefficient. Note that
1 _
uy” (x;9) = 47 'U(x;9).

The motivation for (1.1.2) arises in quantum topology. Let K be a knot and Jx(K; ) be
the Nth coloured Jones polynomial, normalised to be 1 for the unknot. By computing
an explicit formula for the cyclotomic coefficients of the coloured Jones polynomial of
the left-handed torus knots T(*z,z 41
one obtains the following relation between unimodal sequences and torus knots: Thus,

) [26, Proposition 3.2] and comparing with (1.1.2),

U (—qN;9) = In(Thypa1) ).

Ut(m) (x;q) can be viewed as “extracted” from | N(T(*2 2441) q). In addition, Hikami and
Lovejoy proved the Hecke-Appell type expansion [26, Theorem 5.6]

r=s—1 1,2, 4t4+3 1.2, 1+m+t 1—m+t
(—1) 2 gs" T arstes iy

x Z - Z r+s+1

r,5>0 r,5<0 1-— xq 2
r#s (mod 2)  r#s (mod 2)

(1.1.3)
and stated [26, page 13] “... it is hoped that the Hecke series expansions established in
this paper will turn out to be useful for determining modular transformation formulae for
U™ (x;q).”
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They studied the base case [26, Theorem 4.1] and showed that

(1) Do) — 1 n+r..—r_n(3n+5)/242nr+r(r+3)/2
U, (—xq) = E — E 1 X 1.1.4
1 ( q) (1 x)(I])oo (n,r>0 n,r<0> ( ) q ( )

which, by work of Hickerson and Mortenson [25], is a mixed mock modular form. A
mixed mock modular form is an expression of the form [22,33]

N
Y higi
i—1

where h; is a modular form and g; is a mock modular form. We remark that the mod-
ular forms need not have equal weight. Naturally, one wonders if the same is true
for Ut(m) (x;q). In recent striking work [35], Mortenson and Zwegers show that this is
indeed the case by expressing Ut(m) (x;q) in terms of finite sums of Hecke-type double

sums
fane(,159) == Y sg(r,s)(—1)+5grQ)Fbrstel)yrys (1.1.5)

1,5€EL

where 4, b and c are positive integers,

sg(r,s) = M. (1.1.6)

and sg(r) is given by (1.0.10). Precisely, they prove for t > 2and 1 < m < t [35,
Theorem 1.7, Corollary 5.3]

—m+1—t 2t—-1 k+1)

(1— U™ (~x;9) = Q(W k;ﬁ (~1)%q"

% (f1,4t7111(qk+m+t,qk—t—m+1;q) . qu1,4t71,1(qk_t+m+1,Clk_m+t;q)>

X f1,2t,2t(2t—1) (xfqukz —q(ztfl)(kﬂ)ﬂ; q)-

(1.1.7)
As discussed in Chapter 2, one can show that the expression within the brackets in
(1.1.7) is (up to an appropriate power of g) a modular form while the remaining double

(m)

sum is a mixed mock modular form. Thus, U, (x; q) is a mixed mock modular form.

1.2 Statement of Results

A sequence of positive integers is unimodal if each < is replaced with <in (1.1.1), i.e,,

1<a1<...<a,<c>b >...>b>1. (1.2.1)
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We write ¢ for the distinguished peak as it may not be unique. The rank of such a
sequence is again s — r. For example, there are 12 unimodal sequences of weight 4,
namely

(4), (1,3), (3,1),(1,2,1), (2,2), (2,2),
(1,1,2), (2,1,1), (1,1,1,1),(1,1,1,1), (1,1,1,1), (1,1,1,1).

These sequences have numerous other guises [4, Section 3] and appear in a wide vari-

(1.2.2)

ety of areas [41].

Inspired by (1.1.3) and (1.1.7), in this thesis we first consider two-parameter general-
isations of Hecke-Appell type expansions for the five generating functions of unimodal
and special unimodal sequences which appear in [15,28,29]. To our knowledge, this
covers all known cases of unimodal sequences whose generating function has such an
expansion. We then find explicit representations for these generalisations in terms of
mixed false theta functions, i.e., expressions of the form

N
Y higi
i—1

where }; is a modular form and g; is a false theta function. These new occurrences of
mixed modularity nicely complement (1.1.7) and hint at a general underlying structure
for Hecke-Appell type expansions with such properties. This is discussed in Chapter
5. As an application, we demonstrate how the base cases of our results recover the
partial theta identities (1.0.6)—(1.0.9). The results in this thesis appeared in [1].

Remark 1.2.1. Similar to mixed mock modular forms, the modular forms which feature in the
summand of a mixed false theta functions need not have the same weight. However, the modular
forms in the summands of Theorems 1.2.3,1.2.5,1.2.7,1.2.9 and 1.2.11 all have weight 1, e.g.,
expressions of the form f12:1(x,y;q) feature in Theorems 1.2.3, 1.2.5 and 1.2.9. Consider the
case when t = 1 and x,y are integer powers of q. Using the identity [25]
2y 2
fraa(ey) = O, q", ~D)+0w (L, ¢, ~1)
y(4% 1°)0O(—x/y;9)0(q°xy; 4°)
O(-14°)0(=qy*/x;4°)0(=qx2/y; 4°),

one can see that the first two terms vanish. The weight of the remaining modular form can be

computed by noting that (q%; q%)3, has weight 3 and each ®-function has weight % Analogous
computations can be carried out using formulas from [25] and [35].
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1.2.1 Modularity of uim) (x;9)

For the first case, let u(m,n) denote the number of unimodal sequences of weight n
and rank m and consider its generating function [28, Eq. (2.2)]

n

U(x;q) := u(m,n)x"g" = B S (1.2.3)
(x;q) n; (m,n)x™q ; Gan@/on
mez
which satisfies the Hecke-Appell type expansion [28, Eq. (2.5)]
(x:0) (1-x) (_1)r+sq§+2r5+§+%r+%5
U(x;q) = ——5— - (1.2.4)
1 (q)go 7,522:0 r/52<0 1- xqr

Remark 1.2.2. A unimodal sequence can be constructed by fixing a peak of size n, with two
partitions of weight at most n on either side, i.e., the unimodal sequences with peak n are
counted by

n

q
(xq)n(g/%x)n

where x tracks the number of parts of the partitions to the right of the peak and x ' tracks the
number of parts of the partitions on the left. This yields (1.2.3).

Fort,m € Zwitht > 1, -t < m < 3t—2and t = m (mod 2), consider the
generalisation

2 2
1S gl H2trs S HE g L om
gim(x;q) = <Z — Z) (=)™ — (1.2.5)
rs>0  r,s<0 —Xxq
and a )
m — X

By (1.2.4)—(1.2.6), ugl)(x;q) = U(x;q). Following [25], we use the term “generic” to
mean that the parameters do not cause poles in the Appell-Lerch series (1.0.4) or in
the quotients of theta functions which occur after applying (2.1.1) to the Hecke-type

double sums. Our first result shows that Ufm) (x;q) is a mixed false theta function.
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Theorem 1.2.3. Let t, m € Zwitht > 1, —t < m < 3t—2and t = m (mod 2). For
generic x, we have

32—t 4122
(m) . _ (1 B x) q]- 3 2 Him k41 (k+1 +k 2 4t2+t+m+k m
ut (x/q) - @(x,q) (q)%o P ( 1) q f12 1( ,q q)
_ 2142 _t—=m 4
% f1,4t271,4t2(4t2—1)<x 1qk+1, _q4t k—to+tm— =" 48t }Q)-

(1.2.7)
Hence, uﬁm) (x;q) is a mixed false theta series.

1.2.2 Modularity of W™ (x X;q)

For the second case, consider unimodal sequences with a double peak, i.e., sequences
of the form
a1 S...<[1y§EEZb1 Z--->bs

with weight n = 2c+ Y}, a; + Y;_; b;. For example, there are eleven such sequences

of weight 6, namely
(3,3), (2,2,2), (2,2,2), (2,2,1,1),(1,2,2,1), (1,1,2,2),
(T/T/ ]-/ 1/ 1/1)/ (1/T/T/ 1/ 1/1)/ (1/ 1/T/T/ 1/1)/ (1/ ]-/ 1/T/_/l)/ (1/ ]-/ 1/ 1/_/T)

The rank of such a unimodal sequence is s — r where we assume that the empty se-
quence has rank 0. Let W(m, n) denote the number of such sequences of weight n and
rank m and consider its generating function [29, Eq. (2.1)]

2n

. -— m_n __ q

mez

which satisfies the Hecke-Appell type expansion [29, Eq. (2.3)]

1 . x) r—i—sq 5 +2rs+ + 543 (1 + qu)
W(x; -

(1.2.9)

Remark 1.2.4. The derivation of (1.2.8) is similar to U(x;q) but we replace q" with g*" in
(1.2.3) because we count the peak twice.
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Fort,m € Zwitht >1,1—t < m <'t, consider the generalisation

r+s o (SO F2trs+ (ST 4 (t—m)r 2mr
(39 (Z Z) Dl AR (000
rs>0  r,s<0 1- xq
and a ) :
m — X
Wt( )(x;q) = hew(x;9) — ——F————. (1.2.11)

(9)3% (xq)o0(9/%)c0

By (1.2.9)-(1.2.11), Wl(l) (x;9) = W(x;gq). Our second result demonstrates that Wt(m) (x;9)
is the sum of a mixed false theta function and a modular form.

Theorem 1.2.5. Lett, m € Zwitht > 1,1 —t < m < t. For generic x, we have

—m—2t2 4> -2
my, .y _ (1=x)g" "> k+1 (T +k t—m4+2—42+k .
Wy (xq) = (=)' 2 f1011(q ,3:9)
f Lo &

—1_k+1 8t4—m+4t’k,
><<f1,4t2—1,4152(41%2—1)(x qa =19 ;q)

k 4o 2k
+ frap—1an@e—) (g, —g® T ;q))

N
(xq)o0(q/ %)

(1.2.12)
Hence, Wt(m) (x;q) is a mixed false theta series.

1.2.3 Modularity of \7 ( ;)

For the third case, consider unimodal sequences where c is odd, ) a; is a partition
without repeated even parts and ) b; is an overpartition into odd parts whose largest
part is not c. For example, there are twelve such sequences of weight 5, namely

(B)/ (11511)/ (]-/ 113)/ (51 1/1)/ (§/T11)I (1/§/T)/ (213)/
(1,1,1,1,1), (1,1,1,1,1), (1,1,1,1,1), (1,1,1,1,1),(1,1,1,1,1).

The rank of such a sequence is the number of odd non-overlined parts in ) b; minus
the number of odd parts in ) a;. Let V(m, n) denote the number of such sequences of
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weight 7 and rank m and consider its generating function [29, Eq. (4.1)]

V(x;q) =), V(imn)x"q" =) g_q)zann—l—lz (1.2.13)
n>0 nZO(xq;q )n+1(q/X;q )n+1
meZ

which satisfies the Hecke-Appell type expansion [29, Eq. (4.3)]

148 o2 +2rs+ 5 +3r+35+1
—1)""g

1
V(x;q) = W)(— ( Z Z ) (14 g2+ (1 — xg2+1) (1.2.14)

rs>0  r,s<0

Remark 1.2.6. An overpartition is a partition in which the first occurrence of a part may
be overlined [21]. Since the overlined parts form a partition into distinct parts and the non-
overlined parts form an ordinary partition, we have

- (=497
= n n = —
nZ>0 p(n)g @)=
where p(n) is the number of overpartitions of n. We obtain (1.2.13) by first counting the peak
with ¢*"+1. Here, ¥ b; can be expressed by % In order to account for the rank, we need

n+1

to include an x term to track the non-overlined parts (the denominator) to obtain %.
7 n+

Also, Y a; can be interpreted as a sequence consisting of a partition of odd parts of size at most

2n + 1, and a partition with distinct even parts of size at most 2n, i.e., ((qZ—)q)l In order to
7 n+

track the odd parts to the left of the peak, we include an x~' to obtain % So, such
sequences with peak 2n + 1 are counted by

- (=4 0% n11 (=4% 4*)ng*" !
V(x;q) := V(m,n)x"g" =
(i) Eo ()37 ,g) (x4;9%)n+1(q/ % 9% ) n1
MmeZ

and the numerator simplifies to yield (1.2.13).

For t, m € Z where t > 1, consider the generalisation

— x
Fonl0) = 15 (Shin(—Ti0) + ko)

where

r+s qz(g)+2trs+(§)+2(t+1)r+2ms

(=1)
ke (x;q) ( Z; Z<;O> T xg? il (1.2.15)
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and

m 1 _
VE )(xr'Q) = mkt,m(x}Q)- (1.2.16)

By (1.2.14)—(1.2.16), Vgl) (x;q9) = V(x;q). Our third result establishes that ng) (x;q)isa

mixed false theta function.

Theorem 1.2.7. Let t, m € Z where t > 1. For generic x, we have

—28 43t~ dim 202 k K243k 2642—42 42k 2
Y (=1 fan1(q )

(") (o) = 1
V" (x; ) 1+ 2) (@) =

—1 2k+1 42k —2+43t—4tm+4tt. 2
X 2_ 2(742 ( ,— ; )
(@(_ 7 qZ)fl,Zt 12e222-1)\—4 q q

1 _ 21 _ 4
- o) Fram-1an(e (* L2kl 423t —dtmatt, q2)> .
(1.2.17)

Hence, ng) (x;q) is a mixed false theta series.

1.2.4 Modularity of O ( ;)

For the fourth case, consider odd unimodal sequences, i.e., unimodal sequences where
the parts a;, bj and c are odd positive integers. For example, there are six such se-
quences of weight 4, namely

(1,3), (3,1), (1,1,1,1), (1,1,1,1), (1,1,1,1), (1,1,1,1).

Again, the rank is s — r. Let ou(m, n) denote the number of odd unimodal sequences
of weight n and rank m and consider its generating function [15, Eq. (1.5)]

2n+1
O(x;q) := ou(m,n)x"qg" = 9 (1.2.18)
(xiq) n; ()3 ,;0 (xq;4%)n+1(4/ % 4%) 11
mez
which satisfies the Hecke-Appell type expansion [15, Eq. (1.7)]
1)r+sq r?+4rs+s243r+3s
O(x;q9) = Y. - ) ) (1.2.19)
( 00 rs>0  r,s<0 —Xq

Remark 1.2.8. One can confirm (1.2.18) using the ideas in Remark 1.2.2.
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Fort,m € Zwitht >1,1—t < m <'t, consider the generalisation

1) +8 () +2trs+ () +(t+m)r+(t+m)s
pim(X;q) (Z: 2:) i — (1.2.20)
rs>0  r,s<0 q
and
(m) q
O x;q) := max; (1.2.21)
i (xq) @ q)zpt(q q%).

By (1.2.19)—(1.2.21), Ogl)(x;q) = O(x;g). Our next result exhibits that Ogm)(x;q) is a
mixed false theta function.

Theorem 1.2.9. Lett, m € Zwitht > 1,1 —t < m < t. For generic x, we have

3-8t2-2(m—1)(2t—1) 4>=2

( 1)k+1qk2+3kf1’2t,1(q2t+2m+278t2+2k 2t4-2m., 2)

0" (x;q) = 1 A

©(xq;4%) (9% 4*)% E%
-1 2k+1 16t*—412—2(m—1)(2t—1)+8£%k. 2)

X f140-140(42-1) (xg™", —q q
(1.2.22)

Hence, O (x q) is a mixed false theta series.

1.2.5 Modularity of V ( ;)

For the final case, consider unimodal sequences where )_b; is a partition into parts at
most ¢ — k where k is the size of the Durfee square of the partition ) a;. For example,
there are ten such sequences of weight 4, namely

(4), (1,3), (3,1), (1,2,1), (2,2), (2,2), (1,1,2), (2,1,1), (1,1,1,1), (1,1,1,1).

Here, the rank is s — r where the empty sequence has rank 0. Let V(m, n) denote the
number of such sequences of weight n and rank m and consider its generating function
[29, Eq. (3.1)]

V(xq):= ) V(imn)x"q" =Y M (1.2.23)
n>0 n>0 (xq)n(q/x)n
mez

which satisfies [29, Eq. (3.3)]

v (£ X

rs>0  r,s<0

(3)+3rs+6(3)+2r+5s (1 _ gr+2s+1
V(x;q) = ) DIl = L=q"") 12029

00
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Figure 1.3: The partition (4, 3,1) with a Durfee square of size 2.

Remark 1.2.10. A partition of n has a Durfee square of size s if s is the largest number such
that the partition contains at least s parts with values > s, e.g., see Figure 1.3. Kim and
Lovejoy obtain (1.2.23) combinatorially [29, Prop. 3.1] by first altering the summand using the
g-Chu-Vandermonde transformation, namely

(qn+1)n . n x—qu2 n 1
(9x,q/x)n \q{’;g(q/x)k

Then observe that any partition of size at most n can be defined by its Durfee square of size k,
a partition of weight at most k and a partition contained within k x (n — k) rectangle. This
is the ) a; sequence to the left of the peak ¢. The right-most sequence ) b; is then expressed in
terms of the Durfee square of size k. The generating function for V (x; q) is therefore consistent
with Figure 1.4.

—_
Qm{ [
—

Figure 1.4: Construction of a sequence counted by V (x; q).
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Fort,m € Zwitht > 1,0 <m < 3t — 1, consider the generalisation

lim(x;9) < Z Z ) (0)+3trs+3t(3t—1) () +(m+1)r+((F)+3t—1)s
e (1.2.25)
| 1= g2 e (5
1—xq"
and
V" (x;q) = (1(q_) x)étm(x q)- (1.2.26)

By (1.2.24)—(1.2.26), Vl(l)(x;q) = V(x;q). Before stating our last result, we recall the
following triple sums [36]

s t
Oabcde, (x,y,z;q) = ( Z + Z ) r+s+txrysth/1( ) +brs+c(5)+drt+est+£(5)

rs,t>0  r,5,t<0
(1.2.27)
where a, b, ¢, d, e and f are positive integers. These building blocks have appeared
in the context of the modularity of coefficients of open Gromov-Witten potentials of
elliptic orbifolds [16], unified WRT invariants of the Seifert manifolds constructed from

rational surgeries on the left-handed torus knots T( [27], false theta functions [30]

2,2t+1)
and mock theta functions [52]. Our last result exhibits that Vt(m) (x;g) is a sum of mixed
mock theta functions, mixed false theta series, the triple sums (1.2.27) and a modular
form.
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Theorem 1.2.11. Let t,m € Z witht > 1, 0 < m < 3t — 1. For generic x, we have

1 — x)(—1)tg(1—m)(1-3t) "
‘/t(m)(x;q) = ( ) (3)2 fiaeaeae—1)(q", —
y f1,1,3t(x71q/ (_1)t+1q3tm—m+1; q) B xilfl,l,st(xq/ (_1)t+1q3tmfm+l; l])
O(x;q) O(x7Lq)
1—x) 322 (Y 3 L ap 1 B
+ ((q)z ) Z (_1)zq( 5 )+m1®(_q(2)+3t l+3tz,. q3t(3t 1))
o0 =0

36y ap
q(2)+3t 1?’7)

y 011311361 (x—lq’ (_1)t+1q3mt+1—m, E]i+1; q)
O(x;q)

- x_191,1,3t,1,3t,1 (xq, (_1)t+1q3mt+1—m, qi+1,. q))

O(x~1q)

(1.2.28)

Remark 1.2.12. It is important to acknowledge that Vt(m)(x;q) can not be characterised as
neatly as the four other functions. By examining the Hecke-type double sums, we identify both
mixed false and mixed mock components. Also, it is not yet known if the triple sums in (1.2.28)
have explicit evaluations in terms of Appell-Lerch sums or false theta series. However, instances
of such triple sums have been identified as mixed false theta series [36].

Remark 1.2.13. The definitions of the two-parameter functions (1.2.5), (1.2.10), (1.2.25),
(1.2.3) and (1.2.20) may not be canonical but are constructed to satisfy two key properties.
The first being that if

qQ(rrS)

M0 = L selrs) ()

r,SEZL

is one of the functions mentioned above, Q(r,s) is at most quadratic in r and s, and L(r) is
linear in r, then

Y sg(r,s)(=1)*q°0)

r,SEZ
is a modular form for all eligible t and m. The second condition being that the recurrences
ay — a, g = by + ¢, seen in (3.1.15), (3.2.12) and (3.3.12) satisfy ¢, = 0 forall r ¢ [—d, —1].
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For example, an alternative definition of (1.2.15)

Kt (x;.9) : (Z )3

rs>0 r,s<0

(1.2.29)

r+s q2( )42trs+(5)+4tr4+-2ms

implies ¢, # 0 whenr € 2t — 1 — 212, — 1] where t > 1, i.e., the second condition fails.

The rest of this thesis is organised as follows. In Chapter 2, we illustrate the role of
Hecke-type double sums in characterising the modularity of g-series. In Chapter 3, we
prove Theorems 1.2.3,1.2.5,1.2.7, 1.2.9 and 1.2.11. In Chapter 4, we demonstrate that
the base cases of these results recover the partial theta identities (1.0.6)—(1.0.9). Finally,
in Chapter 5, we discuss some future directions of this work.



Chapter 2
Preliminaries

In order to prove the mixed mock (false) modularity of a given g-series, one can explic-
itly express it as a linear combination of terms of the form h;g; where h; is a modular
form, and g; is a known mixed mock modular (mixed false theta) building block. The
Hecke-type double sum (1.1.5) is a universal building block of which the modularity
can be determined.

2.1 Characterisation of Modularity

The results in this thesis utilise the fact that we can express the generating functions
in (1.2.3), (1.2.5), (1.2.7), (1.2.9) and (1.2.11) in terms of Hecke-type double sums (1.1.5).
Note that g, b, c may be positive rational numbers in (1.1.5) however we can make the
parameters integers by observing

fapc(X,Y:9) = faaapac(X; y;q%)

where A is the least common multiple of the denominators of a,b and c.

Sums of this form are useful because we can determine their modularity. Define
the discriminant of f,,.as D := b> — ac. In 2014, Hickerson and Mortenson studied
specialisations of a,b,c € Z~o with D > 0 to reprove the mock theta conjectures. In
2023, Mortenson and Zwegers proved the following formula for D > 0 for arbitrary
positive integers a, b, c.

21
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Theorem 2.1.1 ( [35], Corollary 4.2). For D := b? — ac > 0 and generic x and y, we have

1
fape(%y:0) = 8ape(xy, =1, =1:q) + 5 e 1;qcD)z9a,b,c(x,y,q) (2.1.1)
where
a_l i . b1y _ a1y _ oy (—1)?
Sabe(X,Y,21,20:9) = Y (—y)'0°DO(g"x; 9" m(—q?(2) —e(2) =D E—Zibon; q"°)
i:0
(N —a( =i (=) _ p
+Z q y’q) ( q 2 2 ( blzllq )/
y)
b1 b= d c/2 et+a/2 _
Delei) = L 1 gr DA gyt yyesor
"~ d*=0e*=0
% 2 abz bd+b2+ce) ac(b+1)/2)f(_y)af®(_qc(ad+be+a(b—1)/2+abf)(_x)c;qcbZ)
< @(_q ((d+b(b+1)/2+bf)D+c(a—b)/2)(_x)—aC(_y) ,qub2 )

(qu q )3 @(qD(d+e)+ac—b(a+c)/2(_x) —c(_y)b—u,.qu)

X @(qDe—Hl(c b)/Z( x)b(_y)fa;qu) @(qu—l—c(a—b)/Z(_y)b(_x)fc;qu)'

d:=d*+{c/2}and e :=e* +{a/2} with0 < {a} < 1denoting the fractional part of a.

Theorem 2.1.2 ( [37], Theorem 1.4). For D := b* — ac < 0, we have

1 (o] i 2 ety _ip (=) _pertt
fa,b,c(x/y;Q):E(Z(_y)q() (q"x;q%) Y sg(r) (q(“ (5h-in y),,> g~*P(2)

=0 rez

(
_1 c ’
+ Y (0 D0 (gty0) ¥ s(r) ( (3H-a(3H-i (_x)) gD

=0 rez
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Given Theorems 2.1.1 and 2.1.2, it is natural to ask “What modularity-type occurs when
D = 0?”. In this case, we prove that f, . is a modular form. We prove this by first
showing that f111(x,y;q) is a modular form. We then show that f,; .(x,y;q) can be
expressed in terms of f111’s forall a,b,c € Z~¢ such that D = 0.

Lemma 2.1.3. Let x,y € C* be generic. Then

O(y; O(x;
hu&ﬂw%=fy?+ (3X (2.1.3)
—y o 1ok
Proof. Using (1.1.5), we have
fioyq) =), sg(r,s)(—1)+5gQ)Frst @) yrys
r,SEZ
= L (g = Y (-1 gy
7,520 r,5<0
LD G Ve TERF D DG Vias IR
r>0,5<0 r>0,s<0
= Y Y (1)l = Yy Y (—1) g (2.14)
r>0 seZ s<0 reZ

Taking s — s — r in the first sum in (2.1.4) and r — r — s in the second sum in (2.1.4),

we obtain
goxr ;(—1)Sq(§)y57 _ ;)ys ;(_
5 (2w 5 (0o
B r>0 (5) Oly:4) - g) (% - O(x;q)
_owg (3)owa)
-2 -
:?@?+®@?
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Theorem 2.1.4. Let a,b € Z~gand ¢ € Q=g such that D := b> — ac = 0 and gcd(a, b) = 1.
Also, let

ST yhg~ = if b odd

_ gzux%q_lz;ua if a even, _ gzby%q_% if b even,
X = ; 7=
x%q_ﬁ if a odd

where {,, = e and Iy, ky, are Bézout coefficients which arise as a solution of al,, + bk, = n.
Then

fape(x,y;:9) (ng( )bklﬂ ]> 1{f111 xX,y,q9° +Zlbzl( )bklﬂ] (2.1.5)

i=0 j=0 10]0

—

m=0

llﬂ-—l z+]
X [ Y (—x)""@e(yq Z 'O(xq";q )] }
(2.1.6)

In order to prove Theorem 2.1.4, we make use of the following result ( [25], Prop. 5.3).

Proposition 2.1.5. For x,y € C* and I,k € Z

fape(xy,9) = (—x) (—y)*q" () +blkte(; 2 o p,e (", gy, q)
-1 k—1
Z_j '0(g"y; ) + Z_jo(—y)’”qc() (@"x "), (217)

Proof of Theorem 2.1.4. Firstly, since D = 0 and by scaling the indices of f, ., we are
reduced to studying
fape(Xy;a) = f,, 2 (x,y:4) (2.1.8)

a, s
1

= f,lz,,lb,bz(x, y;qe). (2.1.9)

We show that we can express f2 ,, ;2 in terms of f1 11 and then compute f1 11 explicitly.
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Taking (r,s) — (ar +i,bs+j) for0 <i<a—1land 0 <j<b—1yields

fiia(xyq ng r,s)(—1) 35+ R)xrys

= i i Esg(gr +1i bs+ ]) (_1)ar+i+bs+jq(”’;'i)+(ar+i)(bs+j)+(bsz+j)xar+iybs+j

i=0 j=0 1,5
a—1b—1 A bers
= Z Z ng(r,s)(—l)””r“f 5+j
i=0 j=0 1,5
« qaZ (5)+abrs+b2(3)+r ((§)+aitaj) +s ((3)+bi+bj) +(§)+(§)+ijxar+iybs+j
N (1)o@ 3 (1) D s
= Y (—1)'xqD Y- (~1)ylq@DHT Y sg(r,s)(—1)
i=0 i=0 r,s
% qa2(£)+abrs+b2(;)+r((g)—i-a(i—&-j))—&-s((g)—l—b(i—&-j)) ((_1)g71xu)7’((_1)b71yb)5
a—1b—1 o ' 1+ . o
= Y Y () HalyigU e (1) Lxtg @D, (1)bT QR g,
i=0 j=0

(2.1.10)
The third equality in (2.1.10) uses the fact that sg(ar +i,s) = sg(r,s) = sg(r,bs + j)
when0<i<a—-1and0<;j<b—1 Letl = li+]~,k = ki+]- as in Proposition 2.1.5 so
that al;  ; + bk;, ; = i+ j. Then by Proposition (2.1.5),

fap((=1)"71 xq®@, (—1)b- 1ybq() q)
— ((_1)axaq(z)) i+j((_1) y q(z)) i+jq’1 (l’;rj)+ﬂbli+jki+k+b2(ki+j)

Xfazabbz((_l)a Lyag®)taliti), (—1)b=1ybgB)b(); )
(2.1.11)

1+]

+ Z am i a( )—&-m(g)@ (( )b 1ybq( )—l—abm’q >

1+]_1

+ Z bm bm bz( )+m( O ((_Daflxaq(g)Jrabm;qaz) .



2.1 CHARACTERISATION OF MODULARITY 26

Rearranging yields

fappe (1)1 xg@+al+)) (—1)b- 1ybq( DO+, g)

—a2 (Y —avl =02 (5 =1 (B k(B
_ (_1)ali+j+bki+]-x—al,-ﬂ-y—bkiﬂ-q a (2) ablitjKivk <2 ) i+(2) —kitj ()

x{ fizapn (1) 715", (~1)"y"qD; q)
llqr]'fl

_ Z (— 1)amxamqa( )—&—m(g)@ (( )b 1ybq( )—l—ahm’q >

m=0

_ Z (—1 )bmybmqbz(m)+m( )® ((_1)a71xaq(§)+abm;qa2> }

m=0

(2.1.12)

We can apply al;j + bk, j = i + j to simplify the first term on the right-hand side to

o bhiy
(—1)+ (g) L) 2.1.13)

and substitute (2.1.12) into (2.1.10) to obtain

1.a_(° b1, b S x\ Pe
(e yia) = Fa e (—1 x99, (<1 1y ) T Y (—)

—1

_1b— bhiyj—j (Lt ™ (@ b-1, b b, 12
Z Z( > { Y (1) (D) (( 1)b-1ybg (G tabm, o ) (2.1.14)
i—=0 i=0 m=0

1

JrZ: bm bm b2(m)+m( )@ ((_1)a—1xaq(g)+abm; qa2> }

So, we can express f2 ;2 in terms of f1 11 as follows:

b—1

bij—j\ "1
a—1.a (% X
fr e (1) 1xq), (—1)0~ yhq2);q) = (Z (;) ) {f1,1,1(x,y;q)
j=0

i [livj—1

b=1 7\ bkisj—j
4 Z (_) 2 ( 1)amxamqa ( )+m ()@ (( )b 1ybq( 5)+abm, qb )

j=o \¥Y m=0
+ Z ( )bmybmqbz( )+m( )@ <(_1)a—1xaq(z)+abm;qa2)}

m=0

(2.1.15)
Combining (2.1.3) and (2.1.8), and taking (x,y) — (&, 7) in (2.1.15) yields the result. [
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Remark 2.1.6. When gcd(a,b) = A # 1, we can still use Theorem 2.1.4 by observing that

fape(x,y;9) = fo
For instance, fy69(X,y;q) = f2,3,%(x,y; 7%).
Remark 2.1.7. In summary, Theorems 2.1.1, 2.1.2 and 2.1.4 state:
* If D > 0 then f, . is mixed mock;
* If D < 0 then f, . is mixed false; and

* If D = 0 then f, . is a modular form.

We next address a result concerning identities satisfied by sg(r,s). We omit the

proof. Let

0 otherwise.

5(r) = {1 ifr=0,

Lemma 2.1.8. Forr,s, t € Z witht > 1, we have

sg(—r,—s—1) = —sg(r,s) +4(r)

and
2t
sg(r—1,s +2t) =sg(r,s) —6(r) +)_6(s+1).
i=1
3t—2
sg(r— (3t —1),s+1) =sg(r,s) — Y 6(r—i)+6(s+1)
i=0
and

sg(r, 1) sg(r +3tl,s) = sg(r,1)sg(r,s).
We now recall the theta function identities
O(q"q) =0,

O(7"x;9) = (—1)"g~Dx~"0(x;q)

and - :
y (—Lkg k()3
keZ 1 — xqk x"O(x;q)

(2.1.16)

(2.1.17)

(2.1.18)

(2.1.19)

(2.1.20)

(2.1.21)

(2.1.22)
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where n € Z. While (2.1.20) and (2.1.21) easily follow from the definition of the theta
function, (2.1.22) follows from combining [7, Entry 3.2.1] with (2.1.20). Next, we turn
to providing alternative expressions for (1.2.10) and (1.2.15) which will be beneficial in
the proofs of Theorems 1.2.5 and 1.2.7, respectively. Let

(EH+2trs+ PN+ (t—m)r

96" (x;q) = Y sg(r,s)(~1)+ 1 — , (2.1.23)
1,SE€EL 1 xq
2(5)+2trs+(5)+2tr+2ms
ke () ==Y sg(r,s)(—l)”sq ’ i (2.1.24)

_ 2r+1
r,SEL 1 xq

and

rq(g)+3trs+3t(3t—1)(;)+(m+1)r+((32t)+3t_1)5

CIDEm)(x;q) = 2 sg(r,s)(—1) T (2.1.25)
r,SEZ xq
Proposition 2.1.9. We have
hem(x;q) = Jfgm)(x;q) - x_lﬂ{t(m)(x_l;q), (2.1.26)
kign(x39) = x 197" (ki (x39) = fazea (4%,47"59) ) - (21.27)
and
1

lm(x:9) = @™ (x:0) —x 10" (xq) — ——0O(—¢"2 ;¥ V). (2.1.28)

1—x
Proof. We firstlet (r,s) = (—r—1,—s—1)in ﬂ-CEm) (x~1;g) and simplify to obtain

(I +2trs+ (TN + (m+t4+1)r+2ts

T4m+t +s4
—xg " Z sg(—r—1,—s—1)(—-1)""° T

r,SEZL

(2.1.29)

Next, applying r — r — 1 to (2.1.29), then using (1.0.1) and (2.1.16) yields

(EH+2trs+ I+ (m+t)r

—x ) sglrs) (1)1

—
r,SEZ 1 xq

and thus (2.1.26) follows. Using (1.1.5), one observes that

Foo1 (1, 0°™59) = Kem(x;q) — xqkem(x;q)
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and so (2.1.27) follows. Now, let (r,s) — (—r—1,—s—1) in CIDEm) (x~1;g) and simplify
to get

xq Y sg(—r—1,—s—1)(-1)
r,SEL

T2 43t(r4+1) (s+1) 34 (3t —1) (52) = (m+1) (r4+1) — () +3t—1) (s+1) +7 (2.1.30)

1— xqurl

q(

X

Finally, applying r — r — 1 to (2.1.30), then (1.0.1), (2.1.16) and (2.1.21) yields

3trs+3H(3t—1) (3) 4+ (3t—m+1)r4 B=UE2) g | (31

(2)
X Z sg(r,s)(—l)rq

r,SEZ

1—xq"

X O CY. 3t(3t—1)
+1 500 2 g )

and so (2.1.28) follows. O]



Chapter 3
Proofs of Main Results

The method of proof is as follows [35]. First, we derive functional equations for each
of (1.2.5), (1.2.10), (1.2.15), (1.2.20), (1.2.25),

Stm(x;9) = O(x;9)g1m(x;9), (3.0.1)
J?C,fm)(x;q) = @(x;q)%gm)(x;q), (3.0.2)
Rem () == O(qx; 4% kem(x;q), (3.0.3)
Prm(x;q) == O(x; q) prm(x;9) (3.0.4)
and
& (x:9) = ©(x;0) 0" (x;7). (3.0.5)

Suitable care is required in constructing the sums (3.1.3), (3.2.3), (3.3.3), (3.4.3) and
(3.5.3) which favorably decompose in order to obtain these functional equations. We
then express each of (3.0.1)—(3.0.5) as a Laurent series in x € C \ {0} and use the func-
tional equations to find an explicit formula for the coefficients in the Laurent series
expansion. After some sitzfleisch, these calculations eventually yield the right-hand
sides of (1.2.7), (1.2.12), (1.2.17), (1.2.22) and (1.2.28).

30
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3.1 Proof of Theorem 1.2.3 (Modularity of u§m> (x; q))

For the first case, we begin with the following result.

Proposition 3.1.1. Fort € Nand m € Z witht = m (mod 2), we have

42 t=m=212—2tm
gem(gx;q) = —x' 7 > gim(x:9)
3 2t .
1-ap -ty m22oom ()5 i B Litom; oy
— X 2 2 -1 2 2 'x
9 @(x;q)i;( Ve (3.1.1)
4422
42 1482 A2 tm t—m
LT ql a¢ Z xquf1,zt,1(6]2 424+ 5 +k,q1+ ;)
k=0
and
A _ A2 t7m72t272tm,\
Sem(gr;q) =x* g 2 Gm(x;q)
2 t+m t7m72t272tm 2t . i2 1+t—m ; .
(9) 1-_21( )'q (3.12)
4422
44 1—4t2®( Ly k k 2-42 4 HM k14,
q xq) Y, Xq fiaualq 477 59).
k=0

Proof. The idea is to compute the sum

1—4t2q(r+1)(1—4t2)
1— xqr+l
(3.1.3)

2 4 22— i 2tmim 2 2 1tttm,  1+t-m. 1 — X
x4t 1q 5 Z sg(rls)(_l)r+sq2+2trs+2+ 5 r+=5—5
r,SEL
in two ways. Expanding the numerator yields

2
2 2t —t+2tm+m
(A1 -

Stm(q%;q)

— ) sg(r,s)(=1)

r,SEZ

2 2
L2trs4 S bty Ilom gy 342 L B
r+s q

1— xqr—H

(3.1.4)
Taking (r,s) — (r — 1,5 + 2t) in the second sum in (3.1.4) and using (2.1.17), (2.1.20)
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and (2.1.22) leads to

2 2 _
G 2trs4 Sy 4 Labi g Lilom g

— Y sg(r—1,s+2t)(—1)*1

r,SEZ 1 — xqi’
2 2
I Dpps sy Lbidm | Idtom g )
72" - : 1 st (Attom)s
= Lot 1—xq D MG
- 2 i 2 < (3.1.5)
i 2 1)riq3‘2t”+lz+”é*’”r—“émi
i=1rel 1—xq"
— by 2t
X 2 (q)go i = 1+t7ml 2t
= —gtm(%;q) — (—1)ig2 X
" O(x;q) 1_21
Alternatively, we use
1 — x142(r+1)(1-4£%) a2 o 422
1 —[Zc ] — 4 q(r—l—l)(l 41%) Z xqu(H-l) (3.1.6)
7 k=0

to express (3.1.3) as

4122
—6t2—t42tm+m 2 s2 | 1btbm+2-8242k . | 1+t—m a2
3 +1 Z xqu Z Sg(T,S) (_1)r+sq >+ 2trs+ 5+ 5 r4 2 (1-47)

—q
k=0 r,SE€EL
_ o s k k 242+ 54k 1450,
=—q Y, X9 fiara(q T AT
0 3.1.7)
Combining (3.1.4), (3.1.5) and (3.1.7) gives us (3.1.1). Finally, (3.1.2) follows from (2.1.21),
(3.0.1) and (3.1.1). O

We are now in a position to prove our first result.

Proof of Theorem 1.2.3. Note that ¢;m(x) = $1m(x;q) does not have poles and so we

may write
ﬁ t7m+2t2 —2tm

Sem(x) =) (=1)qs2™ w2 Tax (3.1.8)
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for all x € C\ {0}. Substituting (3.1.8) into (3.1.2), we obtain

2 o2 2
Z( ) q8t2+t m+§tt2 2tmr rarx_r _ x_4t2qt m 22t 2tm Z( ) q8t2+t m+82tt2 Ztmrarx_r
reZ re’
42 thm t=m=22-2tm | o 2 ;2 dttem; oy
+x g 7 (LY (FDigrT T
i=1
4 x74t2q1—4t2@(x.q)
402 k 2—412 4 LMk
x Y g (g 7).
k=0

(3.1.9)

a—>b a b+1
(50 = (%) e (721 e110

and (1.0.1), one can check that the last sum on the right-hand side of (3.1.9) can be
written as

Using

4422 2
a2 r+1 k+1—4¢ A2 A2 tm t—m _
ql 4t Z(_l)rq( 2 Z (_1)kq( 5 )Fr(k—4t )+kf1,2t,1(q2 47+ 55 +k,q1+ 5 ;q)x r
rez k=0

(3.1.11)
We now let 7 — r — 4t? in the first term on the right-hand side of (3.1.9), apply (3.1.11)
and then compare coefficients of x™" in the resulting expressions to arrive at the recur-
rence relation

/ /
ar = a,_4p +b, 4+, (3.1.12)
where
2
2 (Y 2 peme2£2— 2t 8t2 2 42 k+1 442
b, = ql —4°+ (2 )52 812 r—Attr Z (_1)kq( )+k(r+1)
k=0
2424 Mg 14 m
X fi2t1(q Y AT )
and
2
’ 42 5 o) 2 2 2
s i _1+4t—m '_( 2 _ t=m42t—2tm—8t 2 t+m t—=m—=2t—2tm
C,/, — (_1)Z+Tm<q)goq2 ' a2 o2 (4t +=- 2tz)+ 5

if r = 4% + HT’” —2ti, 1 < i < 2t, and is 0 otherwise. Moreover, using (1.2.5), (3.0.1)
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and Cauchy’s integral formula applied to (3.1.8), a short calculation gives

2 m 2 m
aT:—L, 41‘8t21 P2t +2t —2t j{ Z ,\+1 Ar
2711 b/
2 2
%+2tns+s7+t+12+mn+t+12—ms
x Y. sg(n,s)(—1)"+s g dz
n,seZ —2q
(3.1.13)
where the integration is over a closed contour around 0 in C. Thus, as |g| < 1,
lim a, = 0. (3.1.14)
r—4oo
Now, observe that (3.1.12) is equivalent to
ar - ar+4t2 — br + Cr (3.1.15)
where b, := —b;+4t2 and ¢, := —c;th. We now claim that
ar — 2 Sg(i’, l)br+4t21- (3.1.16)
leZ
) 72 temt2t2—2tm ]
To deduce this, we let &, := g3 812 a, and use (3.1.15) to obtain
o2 t= m+2t2 2tm 2 t—m+2t2—2tm 2t m+2t2 ~2tm
&y =g 82 K, g2 g8 82 by + q8t2 8t2 Cr. (3.1.17)
In fact, we will demonstrate
72 t—m+2t2—2tm
g =g s Y sg(r, Db, 4
leZ

which clearly implies (3.1.16). Let
dr =) sg(r, )b,y
leZ

and
ﬁ t7m+2t272tm
Q= qStZ 812 dy.

Then 4, and &, satisfy (3.1.15) and (3.1.17), respectively. The former follows from

R (sg(r, 1) —sg(r+422,1 1)) by
1eZ

= lgz; ( 7’ + 1) 5(7’ + 4t2)> br+4tzl (3.1.18)

:br—((5(1f—|—1)+---+(5(r+4t2)) Y b,
n=r (mod 42)
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and

b, = (an —a, 42 —Cn) = — = —c¢  (3.1.19)
+

n=r (mod 42) n=r (mod 42) n=r (mod 42)

where we have used (3.1.14), the definitions of ¢, and ¢, and that —t < m < 3t — 2.
Now, since lim, 40 &, = 0 and lim, . & = 0, we have

}LIEIO (“r - 0(7/) - 0. (3.1.20)
Finally, we compute
2y t=m+222tm
ar — &y — qr+2t e (@42 — @y_yp) =0

which in combination with (3.1.20) implies that «, = &, and so a, = d,. In total,

r? F—m+2t2—2tm

Gin(x) = L (=1 e e

reZ
2
+t m+-2t —Ztmr o
=) (=1 qstz 82 Y sg(r, )by papix "
rez l1eZ
) r42(141) 41y (42 (041))2 g2 i 812 2
— gy sg(r,l)(—l)rq( 2 ) 52 52 (r+42(1+1))
rleZ
412 4£2(141 422 k (k+1_4t2)+k(7‘+4f2(l+1)+1) +t m+2t2 —=2tm
D W IV -
k=0
2424k T4
X fro(q- T g )T
4122 2
1-2 -8 — 151 i k+1 K45 |k ar2k 2424 m g qytom
=4 Yo (—n)ktgte ) frara(q 2k gt )
k=0
P (AP 1)l 222 (A2 1)+ (Kt D) P (P — B tm 412K~
x ) sg(r,)(=1)"q2 2 2 x
rleZ
1-3t2— t’”+tm 1)k+lg 3 +k 242 My 14 tom
=q Z fr21(q 477 50)
—1 _k+1 A2k — 24 tm— 1 814
X frap—1apae—1) (X4, —q : ;q)-

(3.1.21)
Thus, (1.2.7) follows from (1.2.6), (3.0.1) and (3.1.21). We now apply (2.1.1) and (2.1.20)
to deduce that f17 is a modular form and (2.1.2) to obtain that f 40 j4p4p2_1)is a
false theta function. O
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3.2 Proof of Theorem 1.2.5 (Modularity of Wt(m) (x; q))

For the second case, we begin with the following result.

Proposition 3.2.1. For t € Nand m € 7, we have

3 ot o
Uft(m)(qx;q) _ _x174t2qm—2tzg{§m)(x,. q) . x1—4t2+m7tqm72t2 (q)oo Z(_l)zq(2)x2tz

®(x’ q) i=1
2_
42 1-482 D af?
_xl 4t ql 4t Z xqufl,Zt,l(qt m-+2—4t +k,q/,q)
i=0
(3.2.1)
and
pe(m) e oo\ A2 m—282 e (m) —4P24m—t m—2t% 1 \3 ; 1\ () 2t
H (qx;q) = " (x5 ) 4 x 9" ()% Y (—1)'q"2x
i=1
i 1 (3.2.2)
_ A2 1_442 _ _ 442
+x 4t ql 4t ®(x/q) Z xqufl,Zt,l(qt m+2—4t +k/q}Q)'
i=0
Proof. We first compute the sum
1-4¢2 1)(1-42
x4t2—1q2t2—mt Z Sg(r,S)(_1)r+sq(Vzl)+2trs+(s42'l)+(t—m)r1 — X q(r—i- ) ) (3.2.3)

_ r+1
r,SEL 1 xq

in two ways. Expanding the numerator yields

(5N 2trs+ () +(E=m)r+(r+1) (1-4£2) 4222 —m

1— xqr+l

2 27m m r
2 my M (g ay — Y sg(r,s)(—1)7+e ]
r,SEZL

(3.2.4)
Taking (7,s) — (r — 1,5 + 2t) in the second sum in (3.2.4) and using (2.1.17), (2.1.20)
and (2.1.22) yields

(I +2trs+ PN+ (t—m)r

r Sq
- sg(r—1,s+2t)(=1)"* -
r,gZ 1- xq
Camyo XS ) o
= =3, (%q) — =50 2 (=1 g Wx,
: O(x;q) =
(3.2.5)
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Alternatively, we use (3.1.6) to express (3.2.3) as

42—
_qlethm Z xqufl,Zt,l (qtfm+274t2+k’ 7:9). (3.2.6)

k=0
Combining (3.2.4)—(3.2.6) gives us (3.2.1). Finally, (3.2.2) follows from (2.1.21) and
(3.2.1). O

We can now prove our second main result.

Proof of Theorem 1.2.5. As J:Ct(m) (x) = UA{t(m) (x;q) does not have poles, we write

72 mr

Z q8t2 4t21,1 x 7 (3.2.7)
cZ

for all x € C\ {0}. Substituting (3.2.7) into (3.2.2), we obtain

7‘2 mr

2t aZ T et A =21 r r—22+’”—£ —r
Z( ) gs? 42 g =x q Z(—l) gs? " 42q,x

rez, rez

+x74t2+m7tqm72t2(q)go Z(_l)iq(é)x%i
2
—442 174t2® . H? k _k t—m+2—42+k .
+x g (x:9) Y " fro1(q . 4:9)-

k=0
(3.2.8)
Using (1.0.1) and (3.1.10), the last sum on the right-hand side of (3.2.8) can be written
as

pin, 422 kL a2
q174t2 Z (_1)rq( I Z (_1)kq( + )+r(k— 4t2)+kf1,2t,1 (qtfm+274t2+k, 49 ) . (3.2.9)
r€Z k=0

We now let r — r — 4t in the first term on the right-hand side of (3.2.8), apply (3.2.9)
and then compare coefficients of x " in the resulting expressions to arrive at the recur-
rence relation

ay = a, 40+ bl +c) (3.2.10)

where

;o 1-4R4 (- ﬁ——+r(1 412) 402 k(K1 42 k(41
b, :=¢q 2 )78 Y (-1) gl 2 k) ¢

F—m+2—412+k
1261(9
k=0

,0;9)
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and

. 27m _ i2 m . .
o = (_1)i+m+t(q)goqm—Zt%—(é)—%—m(4t2—m+t—2tz)+(4t2—m+t—2tz)
ifr =42 —m++t—2ti,1 < i < 2t,and is 0 otherwise. Moreover, a similar computation
as in (3.1.13) implies

lim a, = 0. (3.2.11)

r—+too

Now, observe that (3.2.10) is equivalent to

ar - 61H_4t2 — br + Cr (3.2.12)
where b, := —b;+4t2 and ¢, := —c;th. We now claim that
ar =Y _sg(r, )b, 4p. (3.2.13)
leZ

mr

To deduce this, we let &, := q8r7+@ar and use (3.2.12) to obtain

—r—2t>—m Lzz"'"% sz Taz
oy =4 Qg2 +q87 42Dy 4 g8 T a2 gy, (3.2.14)

We will show

2 mr

iy = g " Y sg(r, )by ap
1€Z

which clearly implies (3.2.13). Let

r 1= Z sg(r, )b, 4p
leZ

and ,

&r = qg? %ﬁr.
Then 4, and &, satisty (3.2.12) and (3.2.14), respectively, via the same calculation as in
(3.1.18) and (3.1.19) where we use (3.2.11) and 1 — t < m < t. In addition,

llm (067‘ - 567') — 0. (3.2.15)

r—o0

Finally, we observe

= r+2824+m = _
&r —&r—4q (@42 — @yp_yp) =0
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which in combination with (3.2.15) implies that «, = &, and so a, = 4,. In total,

mr

2
TG (x) = L (1) T a

reZ
= Z q8t2 4t2 ng(r,l)b,%#zlxir
reZ leZ
_ ql—m—8t4 Z Sg(rll)(_1)rq(é)+(4t271)rl+4t2(4t2—1)(é)+r+(8t4fm)l
rlE€Z
= k+1_4t2)+kr+4t2kl+4t2k+k t—m+2—482+k
X Z 2 fr21(q /4;1)
2= k 1
042 +
:ql m—2t Z (_1)k+1q( +kf12 1( t—m+2—4t2 +k,ql,q)
k=0
% Z sg(r,1)( q() (4R 1)rl+4R2 (42 1) () + (k+1)r+(8t4—m+4t2k)lx—r
rleZ
2= k 1
042 +
:ql m—2t Z (_1)k+1q( —i—kjr12 1( t—m+2—4t2 +k’q’,q)
k=0
_ 4 _ 2
X f1,4t2—1,4t2(4t2—1)(x 1‘7k+1f—q8t et kﬂ?)-
(3.2.16)

Thus, (1.2.12) follows from (1.2.11), (2.1.23), (2.1.26), (3.0.2) and (3.2.16). We now apply
(2.1.1) and (2.1.20) to deduce that f; ;1 is a modular form and (2.1.2) to obtain that
fiar-14p(a2—1) is a false theta function. O

3.3 Proof of Theorem 1.2.7 (Modularity of ng) (x; q))

For the third case, we begin with the following result.

Proposition 3.3.1. For t € Nand m € Z, we have

_ 442
Kt,m(qzx}Q) — _xl 2tq3 4t 3t+4tht,m(x}‘])

2. 2\3
20—t 2 A4 4t dtm (7597)% _q)ig(Bh—2mi+ti
7 O(qx;4?) i;( Ja:
2122

92 A g2 2
_xl 2t q3 6t Z xkqgkf2,2t,1( 2t+2—4t +2k’q2m q)

(3.3.1)

k=0
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and
Rim (q2x,. q) _ x—2t2q2—4t2—3t+4tmkt,m(x’, q)

2

+ x72t27t+1q3—4t2—4t+4tm (qz; qZ)g)O Zt:(_l)iq(”’l) 2mi+ti .t
= (33.2)

212 2 62 2 202 k 3k 242—4242k 2m.
+x7 M0 9%) Y X (g 97" q).
k=0

Proof. We first compute the sum

) ) . 1 — 1282 (2r43)(1-21%)
(21 q —3-+412 43t —4tm Z sg(r,s)(—1)"" q2(2)+2trs+(§)+2tr+2ms q 3
r,5€Z 1 —xq
(3.3.3)
in two ways. Expanding the numerator yields
2_ _ 2 _
x2t 1q 3-+4t°4-3t 4tht,m(q2x}Q)
L2 2(5)+2trs+(5)+2tr+2ms—242+3t+2r—4t>r—4tm
7’ S
- Z Sg(i’,S)(— 1 — xg2r+3
r,SEZL q

(3.3.4)
Taking (r,s) — (r — 1,5 4 2t) in the second sum in (3.3.4) and using (2.1.17), (2.1.20)
and (2.1.22) yields

2(5)+2trs+(5)+2tr+2ms

- Y sg(r—l,s+2t)(—1)r+sq

= 1— xq2r+1
1 2)3 2 ,, L
() (qx)@( (g% 4 ,2 )% Z Yig S —2mitti b
(3.3.5)
Alternatively, we use
_op2 _of? -
1—x!2 ‘7(27+3)(1 25 122 (2r3)(1-28) thz K (2r+3)k
1 — xg2r+3 q q
q k=0
to express (3.3.3) as
2t 2
q—2t2+3t —4tm Z KgBk o 50 1 (2442 42+2k 7> q). (3.3.6)
k=0

Combining (3.3.4)-(3.3.6) gives us (3.3.1). Finally, (3.3.2) follows from (2.1.21) and
(3.3.1). O
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We can now prove our third result.

Proof of Theorem 1.2.7. As R¢m(x) = Re.m(x; q) does not have poles, we write

2 202-243t—dtm
Rem(x) =) (1) q22" g (3.3.7)

reZ
for all x € C\ {0}. Substituting (3.3.7) into (3.3.2), we obtain
2 o2 2 92 oisi aim
2(_1)1@? 2243t —dtm 2;%t o 27’arx7r_ 72t2q2 442 —3t4-4tm Z qﬂ AT =23t dim 2;? # Varxfr
reZ reZ
—22—t4+1 34> —4t-+dtm 2. 2\3 3 i (5 2mi-tti i
+x q (7%9%)% }_(-1)'q">
i=1
2122

02 g2 2
+x 2t qZ 6t @(qx’, q2) Z xkq3kf2,2t,1( 242 —4¢ +2k, q2m 5])
k=0

(3.3.8)
Using (1.0.1) and (3.1.10), the last sum on the right-hand side of (3.3.8) can be written
as

2_
q2—6t2+4t4 Z(_l)rqr2—4t2r Ziz(_l)qu2+3k+2rk—4t2k Fani1(q 2042+ (2r— 4t2)k’ q2m ).
rez k=0
(3.3.9)

We now let r — r — 2t? in the first term on the right-hand side of (3.3.8), apply (3.3.9)
and then compare coefficients of x™" in the resulting expressions to arrive at the recur-
rence relation

ay = a, »p+b.+c) (3.3.10)
where .
4_ g0 2 a2,y 22043t dtm
b/ — q2+4t 6t-+r-—4t°r th—i— 22 r42r
B
= kk2 3k+(2r—4t2)k 264241242k 2
+3k+(2r—4t t4 te4 m.
X Z ¥ fai0(q 47" 4)
and
. . i o 2t 1-)? | 62 2+3t 4tm (n 42
. iftrtitl, 2. 2\3 3—4t2—att+atm+("hY) —2mi+ti— + (2t5+t—1—t)
Cr 1= (_1) (q q )ooq 2 22 22

ifr=224+t—1—ti,1<i<2t and is 0 otherwise. Moreover, a similar computation
as in (3.1.13) implies
lim a, = 0. (3.3.11)

r—+too
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Now, observe that (3.3.10) is equivalent to
ar - ar+2t2 = br + Cr (3.3.12)
where b, := —b/ Lop and ¢y 1= —c! L op2- We now claim that
ar =Y _sg(r, )b, 0. (3.3.13)
leZ
. 2 22-243t—4tm )
To deduce this, we let o, := g2 212 a, and use (3.3.12) to obtain
2 212 24 3t—4tm 2 242 4 3t—dtm
w, = g F TSy 0+ g 2 by, + 2R w2 g (3.3.14)

We will show
2 2224 3t—atm,

Ny = q2t2 212 Z Sg(l’, Z)b}’+2t2l
leZ

which clearly implies (3.3.13). Let

dr =) sg(r, )b, y0p
leZ

and

2 2t2-243t—atm,

Ay = q2t2 212 dy.

Then 4, and &, satisfy (3.3.10) and (3.3.14), respectively, via the same calculation as
in (3.1.18) and (3.1.19) with r + 4t? and r + 4?1 replaced with r + 2t2 and r + 221,

respectively, and (3.3.11). So,

rli_)n;) (0(7 - 5(7) — 0.

Finally, we observe

~ 2r+2-—3t+4tm = _
&r —&r — (@ o0 — & _pp) =0

(3.3.15)
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which in combination with (3.3.15) implies that «, = &, and so a, = 4,. In total,

2 22-243t—atm, _
kt,m(x) = Z(—l)rqzﬂ 212 ax~ "
rez
2 22-p43t—dtm

= Z(—l)rqﬂ T" ng(r,l)br+2t21x_r

rez leZ
2(1+1))2
21462 212 (141))2—4£2 (r+2£2(1+1)) — UH2E 0D
=gq + Z Sg(?’,l)(—l)rq( (I+1)) ( (1+1)) 212
rleZ
2_ _ 2t — 2
y qw(r+2t2(1+1))+2(r+2t2(l+1)) Z (_1)k+1qk2+3k+(2(r+2t2(l+1))—4t2)k+27?
k=0
21224 3t—4tm 2
— AR 20424242k 2m.
xq 2 foa(q 47":q)
2122
_ —21243t—4tm Z (_1)k+1 k*+3k (2t+2—4t2+2k 2m. )
=4 q f2,2t,l q 99
k=0
2 2 212 2 2 2
% Z Sg(i’,l)(—l)rqr + (487 =2)rl 426717 (247 1)+ 2kr + (4t°k+2t" — 243t —4tm)l , —r
rleZ
2122
_ =224 3t—4tm k+1_k*>+3k 24424242k 2m.
=q Y D) T (g 475 q)
k=0
—1 2k+1 4F2k—243t—4tm4-4t*. 2
Xf1,2t2—1,2t2(2t2—1)(x g =1 q°)-
(3.3.16)

Thus, (1.2.17) follows from (1.2.16), (2.1.24), (2.1.27), (3.0.3) and (3.3.16). We now apply
(2.1.1) and (2.1.20) to deduce that f; ;1 is a modular form and (2.1.2) to obtain that
fi202-1202(202-1) is a false theta function. O

3.4 Proof of Theorem 1.2.9 (Modularity of o§m> (x; q))

For our fourth case, we start with the following result.
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Proposition 3.4.1. For t € N and m € 7, we have

A2 (e _
pem(gx;q) = —x' gD p, L (x;q)
—A4f2 _ _ ‘20 2t s N, .
I m+1q(m 1)(2¢ l)@((quq) Z(_l)zq(z) z(t+m)x2tz 641
) i=1 “E
2
_ x174t2q174t2 Z xqufmt,l (qt+m+1—4t2+k’ thrm; q)
k=0
and
Pom(g;q) = x4 gDV p, ()
2t .
—42—t—m4+1_(m—1)(2t—=1) ( \3 1) (BY —i(t+m) 2t
+x q (q)ooi_Zl( )'q X (342)
42 1—4p2 402 k k trm+1—424k _t+m
+x g o) Y g fiag 47 q).
k=0

Proof. We first compute the sum

. ; _ 142 (r41)(1-412)
x4t2—1q—(m—1)(2t—1) Z Sg(r,s)(_1)r+sq(2)+2trs+(2)+(t+m)(H—S)1 x q

r,s€L 1= qu—l

(3.4.3)
in two ways. Expanding the numerator yields
2.1 _(m—1)(2t—
At 1q (m—1)(2¢ 1)pt,m (qx’, q)

q(g)+2trs+(§)+(t+m+1f4t2)r+(t+m)sf(mfl)(2t71)+174t2 (3.4.4)

— Y sg(r,s)(—1)* = .

r,5€Z 1- xq

Taking (7,s) — (r — 1,5 + 2t) in the second sum in (3.4.4) and using (2.1.17), (2.1.20)
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and (2.1.22) leads to

(5)+2trs+(3)+(t+m)r+(t+m)s

- Y sg(r—l,s+2t)(—1)r+sq

rseZ 1— xq"
+2trs+(5)+ (t+m)r+(t+m)s .
= L sglrs) (et I L (g
1,5€7Z 1—xq 1_xs€Z

(5)—2tri+(HN) + (t-m)r— (tm)i

2t q
o . r i
Y Y (1 —

i=1reZ

x—t m—|—1( 3 2t

oo j ”1 m i
= —pem(¥:q) — Y (— ~(trm)iy 2t
i=1

(3.4.5)
Alternatively, we use (3.1.6) to express (3.4.3) as

2

—(m— - a2t r+s (5 rs+(5 m) (r4s)+r(1—4t>
—q (m—1)(2t—1)+1—4t Z xqu Z sg(r,s)(—l) + q(2)+2t +(3) 4 (t+m) (r+s)+r(1—4t>+k)

k=0 r,SEL
—(m—1)(2t—1)+1—4£ 42 k k Frmt+1—42+k b+
=—q " >, Xq fraa(g" 47" q)-
k=0
(3.4.6)
Combining (3.4.4)—(3.4.6) gives us (3.4.1). Finally, (3.4.2) follows from (2.1.21), (3.0.4)
and (3.4.1). m
We can now prove our fourth result.
Proof of Theorem 1.2.9. As pim(x) = Prm(x; q) does not have poles, we write
P2 2024+ (m=1)(2t—1)
om(x) =Y (—=1)qs2 ™ 5@ Tax’ (3.4.7)

res
for all x € C\ {0}. Substituting (3.4.7) into (3.4.2), we obtain

2624 (m—1)(2t—1 2624 (m—1)(2t—1
Z( ) q8t2+%r7rarx_r — x—4t2q(m—1)(2t—1) Z( ) q8t2+%rarx_r
rez reZ
2t i1 oy
q(mfl)(thl)(q)go 2(_1)1q( 3 )—(t+m)i, 2ti
i=1

+ x74t2+17t7m

T 422 o
+x 4t ql 4¢ @(x,q) Z xqufl,Zt,l(threrl 4t-+k thrm,q)

k=0
(3.4.8)
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Using (1.0.1) and (3.1.10), the last sum on the right-hand side of (3.4.8) can be written
as

. A2 )
q174t2 Z(_l)rq( 1) y (_1)kq(k+1z 4 )+r(k74t2)+kf1,2t’1<qt+m+1f4t2+k,thrm;q)xfr.
re’ k=0

(3.4.9)
We now let r — r — 412 in the first term on the right-hand side of (3.4.8), apply (3.4.9)
and then compare coefficients of x™" in the resulting expressions to arrive at the recur-
rence relation

! !
Ay =, _4p + br +c

where

2 4 me1)(2f—1) 472 422
. q1—4t2+(’§1)—£2—2[ VDA, g2, 3 (_1)kq(k+1;4f2)+k(r+1)

p 8t 42
k=0
t+m+1—42+k _t+m,
X f12t1(9 4" q)
and
I i+14+t4+m \3
¢ = (—1) (1)
. 2 N2 2 2
(m—l)(2t—1)—|—(’+21)—(t—|—m)1— (4 71+8t:£m72t1) _2t +(m714)t(22t71)74t (4t2—1—|—t—|—m—2tz)

xq

ifr=t+m—1-2ti,1 <i<2tand is 0 otherwise. As before, we have

ar =Y sg(r,1)b, 42
€7
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) / :
where b, := =, 4P and so in total

2024 (m—1)(2t-1)

Prm(x) = Z( 1)’ qu2+ a2 "a,x77

224 (m—1)(2t—1)

= Z( ) q8t2 " 42 ' Z Sg(r/ l)br+4t2lx_r

rez leZ
142~ (m—1)(2t-1) 1)k+g 5tk trm+1—424k _t+m.
=q Z FLGURHEf g (g A gt )
% Z sg(r,1)( q2+( 42 —-1)r1+2£21% (4 t2—1)+(k+%)r+(—(m—1)(2t—1)+4t2k)1x—r
rl€Z
1-42—(m—1)(2t—1) 42 k+1g T +k tm+1—42 _t+m
=q Y., (-1 fr261(q )
k=0

-1 k+1 _q8t4—2t2 (m—1)(2t—1)+4t%k.
7

X f1ap—142(42-1) (x"'q ;)

(3.4.10)
Thus, (1.2.22) follows from (1.2.21), (3.0.4) and (3.4.10). We now apply (2.1.1) and
(2.1.20) to deduce that f1 5,1 is a modular form and (2.1.2) to obtain that f 42 _1 4p2(42_1)
is a false theta function.

3.5 Proof of Theorem 1.2.11 (Modularity of Vt(m) (x; q))

For our last case, we start with the following result.

Proposition 3.5.1. For t € Nand m € 7Z, we have

o (% 1x) = (~1) 1 lg V™ (x)
3t—2 (5 +mi

1 —m(3t— i 3t _ i _
+(—1)tx 1q (3t—1) .Z;')(_l) ql—xqi _q(2)+3t 1+3t,.q3t(3t 1)>
o1 (1E=2m2) 3 B " 3t
+ (=)l 2 % A f13t3t 3-1)(q ,—q2) T3 g)

(3.5.1)
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and

3t71)

qgt(m)(q;%t—lx) _ x—3tq—( 5 —m(3t—1)¢>§m)(x)
=3t — (5 —m(3t—1) = i (AY+mi (h+3t—143ti. 3t(3t—1)
—x g7 Y (1)t e (—q" q )
i=0
X fiialgx g% q)
+ 37O g,

_ _ (3t m 3t _
+(=1)fx™g (2)@(90’Q)f1,3t,3t(3t—1)(‘7 ,—q(z)“’t L9).

(3.5.2)
Proof. We first compute the sum
, vy 3t 1l —x —(r+3t-1)
ZEZ Sg(r,S)(_l)rq(2)+3trs+3t(3t 1)(5)+(m+1)r4((5)+3t—1)s - er+3t_1 (3.5.3)
r,s
in two ways. Expanding the numerator yields
(5)+3trs+3t(3t—1) () +mr+((3)+3t—1)s
") (g 1x) — x g Zng r,s) (1)L g . (354)
r,8€

Taking (r,s) — (r — (3t —1),s + 1) in the second sum in (3.5.4) and using (2.1.17),
(2.1.20) and (2.1.22) leads to
(_1)t+1q—(m—1)(3t—1)

g (&) +3trs 43t G () + (m4 Dr+((3)+3t-1)s
x Y sg(r—(3t—1),s+1)(—1)

7,SEZL 1- xqr
_ 1, (m=-1)(3t-1)
= (=1)"*1g (- " (x) | (35.5)
- —2 (o) +(m+1)i 36y ni 1aapi _
+(~1)'q (m—1)(3t—1) Z qu_xqi @(_q(z)+3t 1+3tz;q3t(3t 1))
(3t=1)(3t—2m—2) (q)g’o
+ 1 t+1 3t M~ .
(-1) q ®(x: 1)
Alternatively, we use
—1,—(r+3t—1
1—x q (r+ ) _ _xfqu(r+3tfl) (3.5.6)

1— xqr+3t—1
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to express (3.5.3) as

11— 3t B
—x g P sy (47, —a DT L g). (3.5.7)
Combining (3.5.4)—(3.5.7) gives us (3.5.1). Finally, (3.5.2) follows from (2.1.21), (3.5.1)

and
O(x;9)
1— xgt
which holds for all i € Z. O]

= fi11(qx 4" 9)

We can now prove our final result.

Proof of Theorem 1.2.11. As @gm) (x) = @gm) (x;q) does not have poles, we write

Bt—-1)r2  (m—1)(3t-1)

Mx)=Y g & & Tax (3.5.8)

(Bt—=1)r2  (m—1)(3t—1)

Zq T 5t r—(3t—1)rarx—r

3t—1)r2 —1)(3t—1 _
_ Z‘l( O (m-)G-), 3 Dm(3t-1) p yr3t

reZ
3t—2 .
B x_3tq_(3t£1)_m(3t_1) Z (_1)16](151)—&-1111
i=0

3t _ i _ 1
X@(_q(2)+3t 1—|—3t’.q3t(3t 1))f1,1,1(qx 1,q+1;q)

“m—m(3t— a3t " 36y A
+x gD ()3 + (=)' DO (x59) fuaaa) (77— DT ).
(3.5.9

Using (1.0.1), the last sum on the right-hand side of (3.5.9) can be written as

3t r
Fraeaaen) (@™ —q 2D g) Y (—1)7q@ -G Dy, (3.5.10)

reZ

We now let r — r — 3t on the right-hand side of (3.5.9), apply (3.5.10) and then compare
coefficients of x~" in the resulting expressions to arrive at the recurrence relation

/ /
ar = a,_g4p + b, + ¢,
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where
_@Bt=12 | (m=1)(3t-1) N, (3t=1y _ 3t=2 it .
b,/, = —q a —t 5t r+(3t—1)r—(>", ") —m(3t—1) Z (_1)1q( 5 )+mi
i=0
% @(_q(§*)+3t—1+3ti;q3t(3t—1)) Y sg(r— 3t’s)(_1)r+t+sq(r*3;“)+(r—3t)s+(5§1)+si
SEZL
rn_ Bt=1)r2 | (m=1)(3t=1) 3t _
+ (_1)79(2) o "frae303-1) (0" —El(z)+3t L)
and
C,l, = (q)iq_%mz"_(mil%gatil)m

if r = m and is 0 otherwise. As before, we have

ar =Y sg(r,1)byyan

leZ
where b, := —b,_ 5, and so in total
. Bt—=1)r2  (m—1)(3t—1) B
M) =g T o e

_1)2 _ _
= Z g o 3T Z sg(r,l)br+3tzx_r
re’ leZ
_ _ 3t B
= (—1)t+1‘7(1 m( 3t)f1,3t,3t(3t71)(qm1_q(2)+3t 1}‘7)
« 2 sg(r’Z)(_l)r+lq(r§1)+rl+3t(é)((_1)t+1q3tm+1fm)lx7r
rl€Z
Lo (5N +mi 3 43t—1+3ti. 3t(3t—1
+ Z (—1)10]( 5 )+mz®(_q(2)+ -1+ tz;q (3t— ))
=0 (3.5.11)
x Y sg(r,1)sg(r+3tl,s)(—1) st

r,l,seZ
% q(’;l)+rl+3t(§)+rs+3t15+(sgl)+l(3mt+1—m)+isx—r
_ _ 3t _
= (—1)t+1q(1 m( 3t)f1,3t,3t(3t—1)(qm/_q(2)+3t 1;q)

X fiaae(x g, (=1 P )
= i (0Y+mi (3h43t—1+43ti. 3t(3t—1)
+ ) (=1)igt2 e (—q' ;q )
i=0

X §11,313¢1 (x_lq, (_1)t+1q3mt+1—m’ qi+1; q)
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where we have used (2.1.19) in the penultimate step. Thus, (1.2.28) follows from
(1.2.26), (2.1.28), (3.0.5) and (3.5.11). Finally, f; 3 3¢(3¢—1) is a mixed mock modular form
by (2.1.1) and f; 1 3 is mixed false theta function by (2.1.2). O



Chapter 4
Recovering Partial Theta Identities

In [25], Hickerson and Mortenson use explicit formulas for certain classes of mixed
mock f,;.’s to obtain new proofs for mock theta identities. In a similar vein, we use
our main results to recover the partial theta identities (1.0.6) — (1.0.9).

4.1 Recovering (1.0.6)
We set t = m = 1 in Theorem 1.2.3 to obtain

_ -1
g(x;zi Zm <_f 12107 g0 fran( e —4%q)

UM (x;9) =

+ 7 f11(L3:9) fra2(x 9% —q'%59) — ¢ fi01(q,3:9) frane (x g%, —q'%; q)) :

(4.1.1)
Using [25, Eq. (1.7)] and (2.1.21), one can show that f121(97',4;9) = —q(9)%,
fi21(1,4;9) =0and f121(q,9;9) = (q)%o and so (4.1.1) becomes
1—x _ _
up () = g(x,. q§ (fiantc 0, ~%0) — g franG g —'%0).  @12)
By (1.0.1), (1.0.10), (2.1.21) , Theorem 2.1.2, the quintuple product identity
O 3k _ ygk) — 2 -2.2 413
Y0 7 (1= xq") = (q,%,9/%)e(q%%, 9% 0 oo, (4.13)

kez

52
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(4.1.2) and some simplifications, we have

1 r(3r+1)
u?)(x;q):(l—x)(i Y (1) (1)
r>0

rl)

- — Z r 3r (1 2q2r+1)
r<0
(4.1.4)
B # i(_l)tx_tq(ﬁ)@)(q /g )@(q4+2t’, qg)
L Sg(r)(q18+3tx12)fq36<’#>>.
reZ

For t even, one of the theta functions in the numerator of the third term on the right-
hand side of (4.1.4) is zero. Thus, it suffices to consider t odd. There are two steps. We
tirst replace t with 4t +1 and let 0 < ¢t < 2 in the third term on the right-hand side of
(4.1.4). This eventually yields

-1

X gk (5
2 (/0 g B @19

Next, we replace t with 4t +-3 and let 0 < t < 2 in the third term on the right-hand side
of (4.1.4). This gives
—4k 2k+2)
— Y sg(k (4.1.6)
2(%)eo(9/%)eo (q/ X)eo (7,
Combining (4.1.5) and (4.1.6), performing the shift k - —k — 1 and using
sg(—k —1) = —sg(k) leads to
x k
_ -1 k
2V (/) Y- (—1)fsg(k)xq"2

® kecZ

(k+1)

(4.1.7)

Now, after inserting (4.1.7) into (4.1.4), using (1.0.10) and rearranging terms, we have

U (x9) = (1-x) (2(—1)%3%“3?” (1 — x2q2*1)

r>0

. E Z( )rx3rq 37;1) (1 . x2q2r+1)

- Kook (B X eok (k4
e T amaare i )
(4.1.8)
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Applying (1.0.1) twice, then (2.1.21) and (4.1.3) to the second sum on the right-hand
side of (4.1.8) implies

. 2.
Z( )r qu ;1) (1 _ x2q2r+1) — x—l (q)gg(z)/ q) (4.1.9)
re 7
while (1.0.1) and (2.1.21) yield
Y (—~ 1)k gD = —x1e(x2q). (4.1.10)
kez

Thus, (1.0.6) follows from (4.1.8)—(4.1.10) and then replacing x with —x.

4.2 Recovering (1.0.7)

We first set t = m = 1 in Theorem 1.2.5, then use [25, Eq. (1.7)] and (2.1.21) to deduce

that f121(97% 4,9) = —4*(9)%, f121(07 ", 4;9) = —q(9)% and f121(1,4;9) = 0 in order
to obtain

W (x;q) = - (x)(i(;;z)w + g(;’;; <f1,3,1z(x_1q, —q7;q) + f1312(x9, —q";9)

—qfi02(x ', =9 q) — qfi312(xq%, —0711;‘7)> :

(4.2.1)
By (2.1.2), (4.1.3) and some simplifications, we have

fia12(xq,—47;9) — qfi312(x4%, —q'%;q)

@ X, _ 7‘ _3r r+1 .

(2q< ') sg(r) YPla)2

reZ
-2 Z sg r f3rq3(r+1) r)
reZ
11 £ O(gtt; 6+2t, 8 - L g
+3 2(_1)txtq(2) (9 ’18? 8(‘7 q) Y sg(r)(q 1543t,12)r36('3),
t=0 (q q )00 re?

(4.2.2)
We now let r — —r — 1 in each of the first two terms on the right-hand side of (4.2.2),
use sg(—r — 1) = —sg(r) and simplify to obtain

SO 3 () (1w g (1 ), 423)
reZ
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For t odd, one of the theta functions in the numerator of the third term on the right-
hand side of (4.2.2) is zero. Thus, it suffices to consider t even. There are two steps.
We first replace t with 4t and let 0 < ¢t < 2 in the third term on the right-hand side of
(4.2.2). This eventually yields

q 2k+1)
- ; . (4.2.4)

Next, we replace t with 4t +-2 and let 0 < t < 2 in the third term on the right-hand side
of (4.2.2). This gives

(@) Y sg(k)xtt2(5), (4.2.5)
keZ

We now insert the sum of (4.2.4) and (4.2.5) along with (4.2.3) into (4.2.2) to obtain
f312(xq,—47;9) — af1312(xq%, —q";9)
® X; v 37 (r+1)(3r+2) ; 00
= O v g1y T gt D2 Y sl (1)
reZ kez
(4.2.6)

(51,

A similar computation yields

fiz(x ', —q;9) — afizne(x7'q% —q';q)

r(3r—1) k+1
’ 4h

® X, IS _
= OO0 5 g (-1)g Y (1 ) + D= T sl (1) g
rez kez
(4.2.7)
After combining (4.2.6) and (4.2.7), (4.2.1), using (1.0.10) and rearranging terms, we

have

1—x v 3r (r+1)(3r+2)
Wi (x3g) = — -+ (1- %) (—Z<—1> g e

(X)oo(q/%)c0 =0
r+1)£3r+2)

( 3r—
Z( 1)r 3r+1q (1+xqr+l)+2(_ r Srq 5 (1+xq)
eZ rZO

Z 7’ 31’ r r(3r—1) (1 i _xqr) 1 + x Z( )k qu(k+1)
€L
1
)

(1 + qu—l)

_|_

I\JIP—‘ NI*—‘

(%)eo(7/%)0 {4
-Ex Z( )k qu(k+1)>

q/x)°° keZ

2(x
(4.2.8)
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Applying (1.0.1) twice, then (4.1.3) to each of the second and fourth sums and (1.0.1)
to the sixth sum on the right-hand side of (4.2.8), then using (2.1.21) and cancelling the
resulting theta functions leads to

r+1)(3r+2)
2

Wl(l)(X}EI) = _% + (1 — x) <_ ;22()(_1)1’3(37-1-1(1(

r r(3r—1) 1 + x2 k. 2k k+1
+ 7’ 37 1+ x r S ( )
LY T e B

(1 + xqr—i—l)
(4.2.9)

Finally, we shift r — r — 1 in the first sum, remove the r = 0 term from the second sum
and the k = 0 term from the third sum on the right-hand side of (4.2.9). In total, we
have

Wl(l)(x; El) = _ﬁ + (1 — x) (1 4+ x+ (1 + x2) g(_l)rx3r_2qy(3r 1) (1 n " )
s L+ k 2k (4
" (X)oo(q/ %) oo + (V) eo(9/X%) o k;( 1)*x%q

which is (1.0.7) after simplification.

4.3 Recovering (1.0.8)

We first set t = m = 1 in Theorem 1.2.7, then use [38, Corollary 3.11] to deduce that
f221(1,4%9) = —4°(9) (% §%) o in order to obtain

O 1 I N 1, .2
Vi (xq) = 1+x(®(—q;q2)f1’1’2( T=T0) = Gy 120 w))
(4.3.1)
By (2.1.2) and some simplifications, we have
O(—q;7) 2o, O(-q:9%) 1)
f1,1,2(—‘7/_‘72‘12) =———— ). sg(rg T+ ——F—">) sg(r)g 2
= g 2 g (4.3.2)

= O(—q;9%)
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where in (4.3.2) the first sum is 2 while the second sum is 0 after letting r — —r — 1 and
using that sg(—r — 1) = —sg(r). Similarly, one can check that

O(gx; 2 r ot Rt
fina(x g, ~gia?) — —”ﬁ ) ng< (-1
’EZ (4.3.3)

r+1
ng r r+1q( ).

rez

By (1.0.10), (4.3.1)—(4.3.3) and rearranging terms, we have

1 —r rrr—r
Wi = (1 B £

r=0 2 ret (4.3.4)

O(—g;7) ey, 039" &
_ =\ 1Y Xt (2)+— 1) 1502 ]
©(qx;4°) r;( S 20(qx; %) r;( S

Finally, we apply (1.0.1) to the second and fourth sums, cancel the resulting theta func-
tions, remove the r = 0 term and then perform the shift » — r 4+ 1 in the first sum on
the right-hand side of (4.3.4). In total,

(D). - 1 1\l 1 r(r41) ®(_q;q4) 7o r+1 (YH)
Vi (%) 1+X<§o( 1™y —2@(qx;q2)§( )2

which is (1.0.8) after simplification.

4.4 Recovering (1.0.9)

We first set t = m = 1 in Theorem 1.2.9, then use [25, Eq. (1.7)] and (2.1.21) to deduce
that fi21(77% 4% 4%) = 0, fiza(1,q%9%) = ¢°(¢%9°)% and fi21(4% 4% %) = (7%47)%

in order to obtain

Oi”(x;q) = mgm,lz(flq =797 — q* fiz 12 (x g0, —¢%5; q2)>- (44.1)
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By (1.0.1), (2.1.2), (2.1.21) and (4.1.3) and some simplifications, we have

fanl e, - LIZO q%) - qf1312(x 9, =% 4%)
— _‘7 xq' Z Sg r 3r+1q3r +2r(1 + xq2r+1)
reZ
1 11 L ® 2t+4; 8 ® 16+4t; 16 B )
+ E Z(_l)tx tqt 42t (q q16). 1(6‘7 q ) sg(r)x 12rq6tr+36r )
t=0 (q ’q )OO reZ

(4.4.2)
For t even, one of the theta functions in the numerator of the second term on the right-
hand side of (4.4.2) is zero. Thus, it suffices to consider t odd. There are two steps. We
tirst replace t with 4t +1 and let 0 < t < 2 in the second term on the right-hand side
of (4.4.2). This eventually yields

-1,-1¢,2.,2
g x (q,q)oozsg(k)x—zqum%;l), (4.4.3)

Next, we replace t with 4t +-3 and let 0 < t < 2 in the third term on the right-hand side
of (4.4.2). This gives

O
4 X (997 ) e —4k—2 2(*+2)
> kgezsg(k)x gt 2. (4.4.4)

We now combine (4.4.3) and (4.4.4), perform the shift k — —k — 1 and use that
sg(—k —1) = —sg(k) to obtain

q (c] q 00 ko 2k+1_2(KTh)
— Y sg(k)(—1)x* g : (4.4.5)

Now, after inserting (4.4.5) into (4.4.2), (4.4.1), using (1.0.10) and rearranging terms, we
have

r>0

Ogl)( (2 Z r 3r+1 3r +2r(1 +xq2r+l)

_ Z r 31 3r +2r(1 +xq2r+1)> (4.4.6)

rez

2; 2 ~ ka1 k+1
+ (94 ') . (2 Z(_l)kXZk—HqZ( My Z(_l)kx2k+1q2( 5 )>‘

k>0 keZ
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Note that two applications of (1.0.1) followed by (4.1.3) implies

O(—xq;4%)O(x*g*; q*)

T s 1’2 r r
ZZ(—l) XOTTIPIR (] 4 oxg? ) = x =D (4.4.7)
re 7 (o]
while (1.0.1) yields
Y (1220 = <025 ). (44.8)

keZ
Thus, (1.0.9) follows from (4.4.6)—(4.4.8), cancelling the theta functions and then replac-
ing x with —x.



Chapter 5

Future Directions

5.1 Beyond the Main Theorems

There are numerous directions for further study. For example, it would be worth-
while to find a g-multisum expression for Ugm) (x;9) (and the other cases in Theorems
1.2.5,1.2.7,1.2.9 and 1.2.11), akin to (1.1.2) for the strongly unimodal sequence generat-
ing function, in order to discover a combinatorial interpretation for their coefficients
or a potential connection to the coloured Jones polynomial for some family of knots. A
possible starting point is the fact that (1.2.4) is an application of the techniques in [32]
combined with appropriately chosen Bailey pairs. A strategy would be to find two-
parameter generalisations of the Bailey pair identities of [32, Theorems 1.1 and 1.2].
Another strategy would be to use techniques of Warnaar analogous to [46] where he
generalises other partial theta identities from the lost notebook. Warnaar generalises
(1.0.6) in Theorem 1.4 of [46]. We provide an alternative generalisation using Theorem
1.2.3. For t,m € Z such that —t < m < 3t — 2, one can show

60
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11—x 2_tom 422 42 tm t—m
ug’”)(x;q) — _5( B ql 32— 4 tm Z xquf1,2t,1(q2 42+ 14 +k/q1+ "3 q)
7)% k=0
% Z sg(r , (42 =1)r q(4t2—1)(£)+r(k+t2+tm—t’7’")
re
32 _tom 2_
1 1—x 't 4E2(_1)k+1 (5 g oy (24 15y
20(59) @& 5 AT
4! 1)lx~! kl—i—(l“) (42 —1)1+4P2 -2 tm— 15" 481442 (42 1)
X Z O(—q 2 g )
4R 2t2R2+R( —om ] 42)
x ) sg(R 2 :
REZ

Similarly, we can generalise (1.0.9) using Theorem 1.2.9. For t, m € Z such that
1 -t <m < t, one can show

3-8t2-2(m—1)(2t—1) 422

1 a2
Ogm)(x;q) __ 19 g%k Fropa (qPHamT2-8t 2k g2t42m, 2

. /4 ;4
2 (q2 q2)2 =
% Z sg(r KA =1)r q(4t271)r2+(2k72(m71)(thl))r
reZ
1‘7378#72(7”71)(%71) 42 k+1 K243k 2042m+2—8242k 2t42m. 2
4= (— 1)+q+f1,2tll(qt+m+ 24 ’qt+m;q)
20(xq3;9%) (9% 9%)3% =
4121
_ 2 2 2 2 27 o o 2 2
% Z z I l+2kl®( q 2(412—1)14-412 (42 —1)+8t2k—2(m—1) (2t 1):q8t (4t 1))
% Z sg(R 4R 4t2R2+R(21+2(m 1)(2t-1))
ReZ

These are analogous to the right-hand sides of Theorems 1.1-1.4 of Warnaar in [46].
Recovering the respective left-hand sides of these Warnaar-type identities would yield
_multi - (m) (m)
g-multisum expressions for U, and O, .
Although uﬁ’”) (x;q) may not have monotonic coefficients when x is some rational

(m)(

power of g, we demonstrate one instance of U, (x; q) with a neat combinatorial inter-

pretation. For t = 2 and m = 0, we have that

W (1;9) =1+ g +29% + 44> + 8¢* + 15¢° + 274° + 4747 + 79° + - - -
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is the generating function ) un(n)q" where un(n) is the number of unimodal se-
n>0

quences of weight n such that sequences with a repeated peak are not counted multiple
times. In comparison to (1.2.2), un(4) = 8 and the sequences of weight 4 are

4),(1,3),(2,2),(3,1),(1,1,2),(1,2,1),(2,1,1),(1,1,1,1).

5.2 Hecke-Appell Sums

For convenience, recall the Hecke-Appell expansions for the unimodal sequence gener-
ating function,

u(x;q) _ (1 _2x) <Z - Z) (_1)r+sq7+2rs+7+§r+§s’ 52.)

(q)oo rs>0  rs<0 I —xq

and the strongly unimodal sequence generating function

W e )
u,”’(—x;q) = —q8
1 (=x4) q @)%
Z Z (—1)riiilq%r2+%7’5+%52+%r+%s (5.2.2)
X —
r,5>0 r,5<0 1— xq+TJrl
r#s (mod 2)  r#s (mod 2)
One can study generalisations of (5.2.1) and (5.2.2), namely
¥ sgrs)(-p A (52.3)
sg(r,s)(— Tz - 5
r,s€Z 1—xq"
and
qQ(T,S)—I-P(r,s)
L, sg(rs) (=)™ (5:2.4)

— yat+s
r,SEZ 1 xq

where Q(7, s) is a quadratic form and P(7,s) is a linear form, and the numerator sum

Y sg(r,s)(—1) ToqQU) () (5.2.5)

r,SEZL

is a modular form. By the results in this thesis and [35], the first type should correspond
to mixed false theta functions and the second type to mixed mock theta functions.
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Consider a specialisation of (5.2.3) and (5.2.4) at x = g~ ¢ for some c € Z. Observe
that (5.2.3) features a pole when v = ¢, for all s € Z. However, (5.2.4) features a
pole when r + s = ¢, i.e., finitely many terms in the sum. This leads to the question of
whether or not the behaviour of these functions at the poles characterises their modular
properties.

5.3 Quantum Modular Forms

In [50], Zagier introduced the notion of a quantum modular form. Although the canon-
ical definition is in flux, we define a quantum modular form of weight k € 37Z as a func-

tion f : Q — C such that

FlT) = (cT+d)7Ff <a'r+ b)

cT+d

extends to a real-analytic function on P!\ S,, where S, is a finite set for each v =
a b

c d
forms [24, Section 4.4], it would be highly desirable to investigate whether Theorems

€ SLy(Z). Given that false theta functions are examples of quantum modular

1.2.3,1.2.5,1.2.7,1.2.9 and 1.2.11 lead to the construction of new families of quantum
Jacobi forms in the spirit of [23].

5.4 Higher Dimensional Analogues of f,;.(x,1;9)

Recall the classification of Hecke-type double sums using the discriminant D in Re-
mark 2.1.7. D is obviously related to the discriminant of the quadratic form in the
exponent of f,; .. It would be interesting to determine a similar characterisation for
higher-dimensional Hecke-type sums of the form

1\t Qe ) W1 T2 T
Z ( 1) nq ( H)xl xz X 71.

n
11,72, €L
sg(ry)=sg(rp)="--=sg(rn)

Is there a higher-dimensional analogue to the classification theorem of f, |, . using the
discriminant of an arbitrary quadratic form Q(r1,7,...,74)?
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